Given a surjective endomorphism f : X Ñ X on a projective variety over a number field, one can define the arithmetic degree α f pxq of f at a point x in X. The Kawaguchi-Silverman Conjecture (KSC) predicts that any forward f -orbit of a point x in X at which the arithmetic degree α f pxq is strictly smaller than the first dynamical degree δ f of f is not Zariski dense. We extend the KSC to sAND (= small Arithmetic Non-Density) Conjecture that the locus Z f pdq of all points of small arithmetic degree is not Zariski dense, and verify this sAND Conjecture for endomorphisms on projective varieties including surfaces, HyperKähler varieties, abelian varieties, Mori dream spaces, simply connected smooth varieties admitting int-amplified endomorphisms, smooth threefolds admitting int-amplified endomorphisms, and some fiber spaces. We also show close relations between our sAND Conjecture and the Uniform Boundedness Conjecture of Morton and Silverman on endomorphisms of projective spaces and another long standing conjecture on Uniform Boundedness of torsion points in abelian varieties.
Introduction
Let f : X Ñ X be a surjective endomorphism of a geometrically irreducible projective variety X defined over a number field K. Fix an algebraic closure K of K. One may consider two dynamical invariants: the (first) dynamical degree δ f of f and the arithmetic degree α f pxq of f at x P XpKq. The dynamical degree reflects the geometric complexity of iterations of f . On the other hand, the arithmetic degree reflects the arithmetic complexity of the given f -orbit O f pxq :" tx, f pxq, f 2 pxq, . . .u. For definitions, see 2.1.
One naturally likes to compare these two invariants. By Kawaguchi-Silverman [KS16a] , the arithmetic degree at any point is less than or equal to the dynamical degree (see also [Mat16] ). Then, one wonders when the arithmetic degree at a point attains (its upper bound) the dynamical degree. Kawaguchi and Silverman proposed (see [KS16a] ):
Conjecture 1.1. (KSC) Let f : X Ñ X be a surjective endomorphism of a projective variety X defined over a number field K. Let x P XpKq such that α f pxq ă δ f . Then the orbit O f pxq is not Zariski dense in X K :" XˆK K.
Although the original Conjecture in [KS16a] has also been formulated for rational maps, we consider only endomorphisms in this paper (see Remark 1.7).
Given a surjective endomorphism f : X Ñ X on a projective variety X over a number field K, let Z f Ď XpKq be the set of points x P XpKq where α f pxq ă δ f . Conjecture 1.1 predicts that the orbit O f pxq is not dense for any x P Z f . So one wonders whether the set Z f is also non-dense. Unfortunately, the answer is negative by the following: Example 1.2. Let the morphism f : P 1 Ñ P 1 be given by f pxq " x 2 in affine coorrdinate. Then the set f´8p1q :" 8 ď n"0 f´np1q " 8 ď n"0 tx P Q | x 2 n " 1u consists of f -preperiodic points and is infinite. Clearly any f -preperiodic point has arithmetic degree one while δ f " 2, so f´8p1q Ď Z f . Hence Z f is a dense subset of P 1 .
We now recall the Northcott finiteness property. Let X be a projective variety over a number field K and H an ample Cartier divisor on X. Take a height function h H associated to H. Then the Northcott finiteness property asserts that the set tx P XpKq | rKpxq : Ks ď d, h H pxq ď Mu is finite for any given d ą 0 and M ą 0. This suggests the non-density of a subset of Z f when we impose a bound on the degree rKpxq : Ks for points x in Z f . In view of this observation, we are going to propose Conjecture 1.4 as follows.
From the classification theory of algebraic varieties and the typical fibrations: Albanese map, Iitaka fibration, and Maximal rationally connected fibration, which all can be chosen to be f -equivariant, we see that the building blocks of varieties are abelian varieties, rationally connected varieties and varieties of Kodaira dimension zero; further, each variety of the last type, if smooth and minimal, has an (equivariant) Beauville-Bogomolov etale cover by a product of Abelian varieties, Hyperkähler varieties and Calabi-Yau varieties. Our result below shows that Conjecture 1.4 holds in many cases, and it covers the three types of building blocks: Abelian varieties, Hyperkähler varieties and Rationally connected varieties (but not Calabi-Yau varieties).
Theorem 1.8. The sAND Conjecture 1.4 holds for every surjective endomorphism on any projective variety X which fits one of the following cases.
(1) X K is a Mori dream space (cf. Theorem 3.2).
(2) dimpXq ď 2 (cf. Theorems 4.1 and 4.3).
(3) X K is a Hyperkähler variety (cf. Theorem 4.2).
(4) X K is a (Q)-abelian variety (cf. Corollary 5.9).
(5) X K is a smooth rationally connected projective variety admitting an int-amplified endomorphism (cf. Theorem 6.3, Corollary 6.19).
(6) X K is a smooth projective threefold admitting an int-amplified endomorphism (cf. Theorem 6.6, Corollary 6.19).
Let us recall the uniform boundedness conjecture due to Morton-Silverman.
Conjecture 1.9. (UBC = Uniform Boundedness Conjecture for P N , [MS94] ) Fix r P Z ě2 , N P Z ě1 , and d P Z ě1 . Then there exists a positive constant C " Cpr, N, dq ą 0 such that the following holds: for any finite extension K Ď L (Ď K) with rL : Ks ď d and any morphism φ : P N Ñ P N which is defined over L with deg φ " r, the number of φ-preperiodic L-rational points of P N is at most C.
We show the equivalence of the above Uniform Boundedness Conjecture and a special case of a relative version of the sAND Conjecture 7.1: the non-density of Z f pdq for a family of polarized endomorphisms, which suggests the importance and naturality of conjecturing the non-density of the locus Z f pdq of small arithmetic degree.
Theorem 1.10. The following statements are equivalent.
(1) The Uniform Boundedness Conjecture 1.9.
(2) Let π : X Ñ S be a projective morphism of varieties and f : X Ñ X a surjective morphism satisfying π˝f " π. Assume that there is a π-ample divisor H on X such that f˚H " π rH for some r ą 1. Let d ą 0. Then there is a constant C ą 0 (depending on d) such that |Z f | Xs pdq| ă C for any s P Spdq.
(3) Let π : X Ñ S be a projective morphism of quasi-projective varieties and f : X Ñ X a surjective morphism satisfying π˝f " π. Assume that there is a π-ample divisor H on X such that f˚H " π rH for some r ą 1. Let d ą 0. Then Z f pdq is not dense.
Our sAND conjecture is also related to another long-standing conjecture which is completely solved only in dimension one by Merel [Mer96, Corollaire] .
Conjecture 1.11. (UBC = Uniform Boundedness Conjecture for Torsion Points) Take any N P Z ě1 and d ą 0. Then there is a constant C " CpN, dq ą 0 such that the number of torision points in Apdq is at most C for any abelian variety A of dimension N defined over K.
Remark 1.12.
(1) Conjecture 1.9 implies Conjecture 1.11 (cf. [Fak03, Corollary 2.4]).
(2) Conjecture 1.11 is usually stated as follows:
(˚) Take any N P Z ě1 and d ą 0. Then there is a constant C " CpN, dq ą 0 such that the order of TorpApLqq is at most C for any abelian variety A of dimension N over K and any finite extension K Ď L (Ď K) with rL : Ks ď d.
In fact, (˚) is equivalent to Conjecture 1.11. For, assuming (˚), a sufficiently large integer m depending only on N and d annihilates all torsion points of ApLq for any abelian variety A of dimension N and any finite extension K Ď L (Ď K)
with rL : Ks ď d. So m annihilates all torsion points contained in Apdq. This implies that the number of torsion points in Apdq is at most m 2N .
As an evidence of our sAND Conjecture (1.4 or 7.1), we show that Conjecture 1.11 implies Conjecture 7.1 for abelian fibrations.
Theorem 1.13. Let π : X Ñ Y be an abelian fibration of quasi-projective varieties and f : X Ñ X a surjective morphism such that δ f ą 1 and π˝f " π. Assume that there is a Zariski dense open subset U Ď Y such that for any d ą 0 and d 1 ą 0, there is a constant C " Cpd, d 1 q ą 0 such that the number of torsion points in X y pdq, where X y is the fiber over y P Upd 1 q, is at most C. Then for any d ą 0, Z f pdq is not dense in X K .
Notation, Convention and Terminology
‚ Throughout this article, we work over a fixed number field K unless otherwise stated. We fix an algebraic closure K of K. The base change to K of some object A defined over K is denoted by A K . ‚ A variety means a geometrically integral separated scheme of finite type over K.
‚ An endomorphism on X is a morphism over K from X to itself.
‚ Let X be a projective variety and f a surjective endomorphism on X.
(1) The (forward ) f -orbit of a point x in XpKq is the set O f pxq " tf s pxq | s ě 0u.
x for a positive integer n. Perpf q denotes the set of f -periodic K-rational points of X.
‚ Let X be a projective variety and f a surjective endomorphism on X. The (first)
dynamical degree δ f of f is defined to be the (first) dynamical degree of f K . Namely, it is the following limit, with H any ample divisor
‚ Let f : X Ñ X be a surjective endomorphism on a projective variety. Let Z Ď X K be an f -preperiodic subvariety.
(1) Suppose f m`k pZq " f k pZq for some m, k ą 0. Define the dynamical degree of f along Z as
Clearly this definition is independent of m and k. If Z is f -invariant, then this invariant coincides with the dynamical degree of f | Z .
Moreover we say Z is a maximal f -preperiodic subvariety of small dynamical degree if Z is maximal among all of the f -preperiodic subvarieties of small dynamical degree.
‚ The symbols " (resp. " Q , " R ) and " (resp. " w ) mean the linear equivalence (resp. Q-linear equivalence, R-linear equivalence) and the numerical equivalence (resp. weak numerical equivalence) on divisors (cf. [ ‚ A normal projective variety X over K is Q-abelian, if there is a finite quasi-étale morphism A Ñ X from an abelian variety A. A normal projective variety X over
‚ For a projective variety X over K, NSpXq :" PicpXq{ Pic 0 pXq denotes the Néron-Severi group of X. Let K " Q, R or C. Set NSpXq K :" NSpXq b Z K. Set N 1 pXq :" NSpXq R and ρpXq " dim R N 1 pXq. The number ρpXq is called the Picard number of X. Denote by NefpXq the cone of nef divisors in N 1 pXq. Denote by PE 1 pXq the cone of pseudo-effective divisors in N 1 pXq.
‚ Let f : X Ñ X be a surjective endomorphism of a projective variety X. Then it is known that the first dynamical degree δpf q is equal to ρpf˚| NSpXq C q.
‚ Let f , g and h be R-valued functions on a domain. Denote f " g`Ophq if there is a positive constant C such that |f´g| ď C|h|. In particular, denote f " g`Op1q if there is a positive constant C such that |f´g| ď C.
‚ Let X be a projective variety. For an R-Cartier R-divisor D on X, we can attach a function h D : XpKq Ñ R called logarithmic Weil height function. The function h D is called the height function associated to D. Note that to construct h D from D, we need additional information, for example an adelic metric on the associate line bundle if D is integral, but the resulting function is unique up to bounded functions. For definition and properties of height functions, see e.g. [ (1) Assume that f˚D " R λD with λ ą 1. Then, for any x P XpKq, the limit
(2) Assume that f˚D " λD with λ ą a δ f . Then, for any x P XpKq, the limit
Theorem 5]). ‚ Given a variety X and d ą 0, set
XpLq.
‚ For an abelian group G, TorpGq denotes the set of torsion elements of G.
‚ Let A be an abelian variety over K.
(1) For a Cartier divisor D on A, let ϕ D : A ÝÑÂ; x Þ Ñ rTx D´Ds, whereÂ is the dual abelian variety and T x is the translation by x. Note that D P Pic 0 pAq if and only if ϕ D " 0 (this is also adopted by Mumford as the definition of Pic 0 pAq in his book). We get an R-linear map NSpAq R ÝÑ HompA,Âqb Z R.
Note that if D is ample, then ϕ D is an isogeny.
(2) For an ample divisor H on A, set
(3) Denote the Rosati involution with respect to an ample divisor H by
‚ For a generically finite surjective morphism π : X Ñ Y between varieties over K, denote by Excpπq the π-exceptional locus, i.e., the union of curves in X contracted by π.
The following lemma follows from the product formula (cf. e.g. [Tru15] ).
Lemma 2.2. Let π : X Y be a dominant rational map between projective varieties, and f : X Ñ X, g : Y Ñ Y surjective morphisms such that π˝f " g˝π. Then we have:
(1) δ f ě δ g .
(2) If dimpXq " dimpY q, then δ f " δ g .
The following two lemmas enable us to replace a given endomorphism by its positive power or direct summands, respectively. Proof. The lemma follows from that δ f N " δ N f and α f N pxq " α N f pxq.
Lemma 2.4. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y , respectively. Then
In particular, Conjecture 1.4 holds if it holds for f and g.
Proof. We may assume that δ f ě δ g , without loss of generality. We can easily show (e.g.
by the product formula) that δ fˆg " maxpδ f , δ g q " δ f . 
then px, yq P Z fˆg if and only if α f pxq ă δ f and α g pyq ă δ g . So Z fˆg " Z fˆZg .
The following is easy but fundamental for the reduction to invariant subvarieties.
Lemma 2.5. Let f : X Ñ X be a surjective endomorphism on a projective variety X and W Ď X an f -invariant closed subvariety. Then α f | W pxq " α f pxq for any x P W pKq.
Proof. Let ι : W Ñ X be the inclusion. For an ample divisor H on X, the restriction H| W is also ample and h H| W " h H˝ι . So the assertion holds.
The following lemma is useful when dealing with equivariant fibrations or covers.
Lemma 2.6. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y , respectively. Let π : X Ñ Y be a surjective morphism such that π˝f " g˝π. Then:
(1) α f pxq ě α g pπpxqq for any x P XpKq.
(2) Assume that δ f " δ g . Then πpZ f q Ď Z g . Moreover, Conjecture 1.4 holds for f if it holds for g.
(3) Assume that π is finite. Then δ f " δ g , α f pxq " α g pπpxqq, and πpZ f q " Z g .
Moreover, Conjecture 1.4 holds for f if and only if it holds for g.
Proof.
(1) Take ample divisors H, A on X, Y respectively such that H´π˚A is ample.
Then we can take associated height functions h H , h A ě 1 as satisfying Ch H ě h A˝π for some C ą 0. We have
Letting n Ñ`8, we obtain α g pπpxqq ď α f pxq.
(2) Clearly πpZ f q Ď Z g by (1). Take any d ą 0. Then πpZ f pdqq Ď Z g pdq. So the non-density of Z g pdq implies the non-density of Z f pdq.
(3) By Lemma 2.2, δ f " δ g . Since π is finite, π˚A is also ample. This implies that α f pxq " α g pπpxqq for any x P XpKq. So πpZ f q " Z g . Take any d ą 0. Since π is a finite cover, there is some d 1 ą 0 such that π´1pY pdqq Ď Xpd 1 q. So π´1pZ g pdqq Ď Z f pd 1 q. Therefore the non-density of Z f pd 1 q implies the nondensity of Z g pdq.
Below is a description of the closure of an orbit.
Lemma 2.7. Let f : X Ñ X be a surjective endomorphism on a projective variety X over K and x P XpKq. Then for some s ě 1 and t ě 1,
which is a union of irreducible closed subsets and O f s pf t pxqq is f s -invariant.
Since Z has finitely many irreducible components, we may assume f s pZ 1 q " Z 1 for for some s ą 0 and irreducible component Z 1 of Z. Note that y " f t pxq P Z 1 for some t ą 0 (minimal). Indeed, otherwise, we will have
Since f is a closed map,
Thus dimpO f s pf t px" dimpZ 1 q, so O f s pf t pxqq " Z 1 which is irreducible.
Lemma 2.8. Let X, Y be projective varieties over K and f, g surjective endomorphisms on X, Y , respectively. Let π : X Ñ Y be a generically finite surjective morphism such that π˝f " g˝π. Then δ f " δ g and α f pxq " α g pπpxqq for any x P Xz Excpπq. 
This together with Lemma 2.6 imply α f pxq " α g pπpxqq.
We can extend Lemma 2.6 to rational fibrations. Lemma 2.9. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y , respectively. Let π : X Y be a dominant rational map such that π˝f " g˝π.
(1) Assume δ f " δ g . If Conjecture 1.4 holds for g, then so does for f .
(2) Assume that dimpXq " dimpY q. Then δ f " δ g . Moreover, Conjecture 1.4 holds for f if and only if it holds for g.
Proof. Let Γ be the graph of π, with the projections p 1 : Γ Ñ X, p 2 : Γ Ñ Y . Let h : Γ Ñ Γ be the restriction of fˆg : XˆY Ñ XˆY to Γ. Note that δ h " δ f by Lemma 2.2. Note that p 1 is birational and p 2 is generically finite surjective when dimpXq " dimpY q. By Lemma 2.8, we have p´1 1 pZ f qz Excpp 1 q " Z h z Excpp 1 q and p´1 2 pZ g qz Excpp 2 q " Z h z Excpp 2 q when dimpXq " dimpY q. Hence, (*) p´1 1 pZ f pdqq Ď Z h pd 1 q, p´1 2 pZ g pdqq Ď Z h pd 1 q pwhen dimpXq " dimpYwith d 1 depending on d.
(1) If Conjecture 1.4 holds for g, it holds for h by Lemma 2.6, and also for f by p˚q.
(2) We have δ f " δ g by Remark 2.13. In the setting of the above lemma, if H is a π´ample divisor on X, then ϕ H is a finite surjective morphism. Thus we can define Φ H D P EndpX{Y q R for an R-Cartier divisor D on X, and also Rosati involution with respect to H, as in 2.1. [KS14] ). Let f : X Ñ X be a polarized endomorphism. Then:
Polarized endomorphisms, curves and Mori dream spaces
(1) Z f " Preppf q.
(2) For any d ą 0, Xpdq X Preppf q is a finite set.
Hence Conjecture 1.4 holds for every polarized endomorphism of any projective variety and every surjective endomorphism of any projective curve.
Proof. By assumption, f˚H " dH for some ample divisor H and d ą 1. Then we have a canonical height functionĥ
In addition, Preppf qXXpdq is finite for any d ą 0 because of the Northcott finiteness property ofĥ H,f .
. Let X be a normal projective variety such that N 1 pX K q Q " PicpX K q Q and the nef cone of X K is generated by finitely many semi-ample Cartier divisors. Then Z f pdq is not Zariski dense in X K for every surjective endomorphism f on X and any d ą 0. In particular, Conjecture 1.4 holds for all surjective endomorphisms on Mori dream spaces.
Proof. We may assume that δ f ą 1. By the assumption, replacing f by a positive power,
, the set of right hand side and hence Z f pdq are not Zariski dense in X K .
Surfaces and Hyperkähler varieties
Theorem 4.1 (cf. [Kaw08] ). Let f : X Ñ X be an automorphism of positive entropy on a projective surface. Then we have:
(1) The number of f -periodic irreducible curves on X K is finite.
Hence Conjecture 1.4 holds for every automorphism of any projective surface.
Proof. Note that δ :" δ f (ą 1) is known to be a Salem number with δ f´1 " δ.
First we consider the case when X K is smooth. We can find nef R-divisors D`, D´ı 0 on X K such that f˚D`" R δD`and f˚D´" R δD´(cf. [Kaw08, Lemma 3.8] or [San17,
Remark 5.11]). Then D " D``D´is nef and big by the Hodge index theorem. Let tC λ u λPΛ be the family of all f -periodic irreducible curves. Then Λ is finite and we can take a λ ą 0 for each λ P Λ such that D´ř λ a λ C λ is ample (cf. [Kaw08, Proposition
h D´p f´npxqq δ n associated to D`, D´, respectively. Then
Substitute f n pxq to (*), we have
,f pxq must be zero and so th A pf n pxqqu`8 n"0 is upper bounded.
The Northcott property for h
SupppEq, then α f pxq " 1 since f gives an automorphism on SupppEq which is a union of curves and any automorphism on a curve has first dynamical degree one. Therefore,
Thus the set Xpdq X pPerpf qz Ť λPΛ C λ q is finite for any d ą 0 by the Northcott property of h A . This proves the theorem for the case of smooth surfaces. Now we consider the general case. Take an f -equivariant resolution π : r X K Ñ X K with an automorphism r f : r X K Ñ r X K such that π˝r f " f˝π. Extending K, we may assume that r X, π and r f are defined over K. Lemma 2.6(2) and Lemma 2.8 imply that
. . , r C r be the r f -periodic irreducible curves on r X K . Note that πpExcpπqq Ď Perpf q. Then πp r C 1 q, . . . , πp r C r q exhaust the f -periodic irreducible curves on X K and
Fix d ą 0. By the case for smooth surfaces, Perp r f qzp
). Let f : X Ñ X be a surjective endomorphism on a projective Hyperkähler variety X. Then Z f pdq is not Zariski dense in X K for any
Proof. We may assume δ f ą 1. By the ramification divisor formula, f isétale and hence an automorphism since a Hyperkähler variety has trivial π alg 1 pX K q. The proof is almost the same as that of Theorem 4.1. Indeed, take nef R-divisors D`, D´ı 0 on X such that f˚D`" R δ f D`and f˚D´" R δ f´1 D´. Then the Beauville-Bogomolov-Fujiki form enables us to show that D``D´is nef and big (cf. [MZ19b] ). Let f : X Ñ X be a non-invertible surjective endomorphism on a projective surface. Then Z f pdq is not Zariski dense in X K for any
Proof. We may assume X K is normal by Lemma 2.6. Since deg f ą 1, X K is log canonical by [War90, Theorem 2.8].
If K X K is peudo-effective, then by [Nak08, Theorem 7.1.1], after replacing f by a suitable power and extending K, there is a quasi-étale finite morphism φ :
(1) X 1 is an abelian surface; or (2) X 1 is a product of an elliptic curve and a curve of genus ě 2.
The first case is a special case of Corollary 5.9, and the second case is a special case of Theorem 7.8, whose proofs are independent of the results of this theorem.
Assume that K X K is not pseudo-effective. Then, after replacing f by a suitable power and extending K, it is proved in [MZ19b, Theorem 5.4] that
(3) f is a polarized endomorphism; or (4) There is a Fano contraction π : X Ñ Y to a curve and f induces g : Y Ñ Y with δ f " δ g ; or (5) There is a finite surjective morphism τ : X Ñ P 1ˆY to the product of P 1 and a curve Y with endomorphisms g : P 1 Ñ P 1 and h : Y Ñ Y such that τ˝f " pgˆhq˝τ . These cases are verified by Theorem 3.1, Lemma 2.6, Lemma 2.4, respectively.
Combining Theorems 4.1 and 4.3, we obtain the following.
Theorem 4.4. Let X be a projective surface and f : X Ñ X a surjective endomorphism. Then Z f pdq is not Zariski dense in X K for any d ą 0.
Abelian varieties
In this section, we first prove:
Section 5]). Let X be an abelian variety and f : X Ñ X a surjective endomorphism (which is not necessarily an isogeny) with the first dynamical degree δ f ą 1. Then there is a proper abelian subvariety B Ă X K and a point p P XpKq
To prove Theorem 5.1, we use the following results. Theorem 2] ). Let f : A Ñ A be an isogeny on an abelian variety over K. Then there are abelian subvarieties A 1 , A 2 of A such that we have:
(1) The addition map m : A 1ˆA2 Ñ A is an isogeny.
Remark 5.3. Let F : A ÝÑ A be a surjective endomorphism. Then we can write F " τ a˝f where f is an isogeny and τ a is a translation by a P A. Apply Lemma 5.2 to f . Take pa 1 , a 2 q P A 1ˆA2 such that a 1`a2 " a. Then we have F˝m " m˝ppτ a 1˝f 1 qˆpτ a 2˝f 2 qq, τ a 1˝f 1 is conjugate to an isogeny by a translation, and δ τa 2˝f 2 " 1 (cf. [MS18, §5]).
Theorem 5.4 ([KS16b, Theorem 1]). Let f : A Ñ A be an isogeny on an abelian variety with δ f ą 1. Take a symmetric nef R-divisor D such that D is not numerically trivial and f˚D " δ f D. Take the canonical height functionĥ D,f associated to D:
Then there is an f -invariant proper abelian subvariety B Ă A K such that the zero locus ofĥ D,f is equal to B`TorpA K q.
Proof of Theorem 5.1. First we assume that f is an isogeny, and show:
Claim 5.5. Let f : X Ñ X be an isogeny on an abelian variety with δ f ą 1. Then there is an f -invariant proper abelian subvariety B Ă X K such that Z f " B`TorpX K q.
Proof. We prove the claim by induction on the dimension. If dimpXq " 1, then Z f "
Preppf q. So we have to show Preppf q " TorpX K q. Since f is an isogeny, f pX K rNsq Ď X K rNs for any N ą 0, where X K rNs denotes the (finite) set of N-torsion points of X K . So TorpX K q Ď Preppf q. Conversely, take any x P Preppf q. Then f n`k pxq " f n pxq for some n, k P Z ą0 . This means that x is contained in p1 X´f k q´1pKerpf n qq, which is a finite group since f n and 1 X´f k are isogenies. Here we used the assumption δ f ą 1 to
Assume dimpXq ě 2 and the claim holds for abelian varieties of smaller dimensions.
Take a nef symmetric R-Cartier divisor D on X such that D is not numerically trivial and f˚D " δ f D. Then Theorem 5.4 implies that the zero locus ofĥ D,f is equal to B`TorpX K q for some proper f -invariant abelian subvariety B Ă X K . For any point
Next, assume that δ f B " δ f . Then the induction hypothesis implies that there is a
This proves the claim.
Next we consider a general endomorphism f . Write f " τ a˝φ such that φ is an isogeny and τ a is the translation map by a P X. By Lemma 5.2, there are abelian subvarieties A 1 , A 2 of X such that we have:
Take a i P A i for i " 1, 2 such that a " a 1`a2 and set f i " τ a i˝φ i . Take p P A 1 satisfying p´φppq " a 1 . Since translations act trivially on the Neron-Severi lattice and the map φ 1ˆφ2 descends to φ via the map m, Lemma 2.2 and the product formula imply
Since φ 1ˆf2 descends to f via a finite morphism, the first equality below follows from Lemma 2.6, while the second follows from Lemma 2.4:
Theorem 5.6. Notation is as in Theorem 5.1. Write Z f " B`p`TorpX K q. Then:
(1) tB`p`tu tPTorpXpKqq is the family of all maximal f -preperiodic subvarieties of small dynamical degree in X K .
(2) There are only finitely many maximal f -invariant subvarieties of small dynamical degree in X K (cf. Question 8.4 (3)).
(1) Write f " τ a˝φ such that φ is an isogeny and τ a is the translation map by a P X. Pick t P TorpXpKqq. Since f pB`pq " B`p, inductively, for any s ě 1, we get
Since φ is an isogeny, if t is in the set of N-torsion points (which is a finite set), then so is φ s ptq. Thus B`p`t is an f -preperiodic subvariety of small dynamical degree. The
(2) Extending K, we may assume that B and p are defined over K. Fix d ą 0. Take
By (1), it suffices to show that there are only finitely many g-fixed points in Y K . Suppose the contrary. Then g| Z " id for some postive dimensional irreducible closed subvariety
for some t P TorpX K q, a contradiction with the maximality.
the set of N-torsion points of X K . As a consequence, Z f pdq is contained in a finite union of subvarieties of the form B K`p`t with t being a torion point.
We can use the above precise description of Z f to prove Conjecture 1.4 for varieties of maximal Albanese dimension.
Definition 5.7. Let X be a normal projective variety over an algebraically closed field. Then there is an abelian variety AlbpXq, called the Albanese variety of X, and a dominant rational (Albanese) map alb X : X AlbpXq, such that every rational map from X to another abelian variety factors through alb X .
We say that a variety X is of maximal Albanese dimension if dimpalb X pXqq " dimpXq.
We say that a variety X defined over K is of maximal Albanese dimension if so is X K .
Corollary 5.8. Conjecture 1.4 holds for surjective endomorphisms on normal projective varieties of maximal Albanese dimension.
Proof. Let X be a normal projective variety of maximal Albanese dimension and f :
X Ñ X a surjective endomorphism with δ f ą 1. By Lemma 2.9 and replacing X and alb X by the graph, we may assume that the albanese map alb X : X Ñ AlbpXq ": A is a well-defined morphism, and also defined over K after extending K. Then f induces a surjective endomorphism g : A Ñ A. By Lemma 2.6 or 2.9 and replacing pX, f q by palb X pXq, g| alb X pXq q, we may assume that X is a g-invariant subvariety of A such that 0 P X and X is not contained in any proper abelian subvariety of A.
Note that δ f ď δ g (cf. [NZ09, Proposition A.11]). We prove the assertion by induction on dimpAq. If dimpAq " 1, then X is either a point or A, so the assertion follows from Theorem 5.6.
Consider the general case. By Theorem 5.1,
This implies that X K Ď B`p`t for some t P TorpA K q. Then B`p`t " B since 0 P X K Ď B`p`t, but this contradicts that X is not contained in any proper abelian subvariety of A. So we have δ f " δ g .
Take any d ą 0. By Theorem 5.6, Z g pdq Ď Ť r i"1 pB`p`t i q for some torsion points t 1 , . . . , t r P A K . Then
Moreover, X K Ę B`p`t i for any i. So Ť r i"1 pX K X pB`p`t iis a proper closed subset of X K .
A variety X over K is Q-abelian if so is X K . We can also prove Conjecture 1.4 for Q-abelian varieties. Proof. Let f : X Ñ X be a surjective endomorphism on a Q-abelian variety. After enlarging the ground field if necessary, we can take a finite surjective morphism π : A Ñ X from an abelian variety and a surjective endomorphism g : A Ñ A such that π˝g " f˝π (cf. [NZ10] or [CMZ17, Corollary 8.2]). Then the assertion follows from Lemma 2.6. test123 test123
Varieties admitting int-amplified endomorphisms
In this section, the ground field is K (or any algebraically closed field of characteristic zero) unless otherwise stated. We focus on a Q-factorial klt projective variety X admitting Case TIR n (Totally Invariant Ramification case). Let X be a normal projective variety of dimension n ě 1, which has only Q-factorial Kawamata log terminal (klt) singularities and admits an int-amplified endomorphism. Let f : X Ñ X be a surjective endomorphism. Moreover, we impose the following conditions.
(A1) The anti-Iitaka dimension κpX,´K X q " 0;´K X is nef, whose class is extremal in both the nef cone NefpXq and the pseudo-effective divisors cone PE 1 pXq.
For the sAND Conjecture 1.4, we show that the same strategy works. Theorem 6.1. (cf. [MZ19b, Theorem 1.7]) Let X be a normal projective variety over K such that X K has only Q-factorial Kawamata log terminal (klt) singularities and admitting an int-amplified endomorphism. Then we have:
(1) If K X K is pseudo-effective, then Conjecture 1.4 holds for any surjective endomorphism of X.
(2) Suppose that Conjecture 1.4 holds for Case TIR (for those f | X i : X i Ñ X i appearing in any equivariant MMP starting from X K ). Then Conjecture 1.4 holds for any surjective endomorphism on X.
Proof. We apply almost the same proof of [ 
where A is an abelian variety, µ Y is finite surjective, r X is the normalization of the main component of XˆY A, and µ X is quasi-étale finite surjective, such that any commutative diagram of surjective morphisms
Proof. Note that in Case TIR, κpX,´K X q " 0 and´K X " Q D for some reduced effective divisor D. By [MZ19b, Theorem 6.2], Supp R h X Ď D for any surjective endomorphism h X of X. Next, we only consider those h X which can descend equivariantly to h Y via π.
Since D is π-ample, πpDq " Y . Note also that D is irreducible in our assumption.
Using the same notation in the proof of [MY19, Theorem 4.4], we can define a positive integer m E for any prime divisor E on Y so that π˚E " m E F for some prime divisor F on X. We set ∆ " ř m E´1 m E E which is a finite sum. By the same computation in the proof of [MY19, Theorem 4.4] and the key reason πpDq " Y , we have hY pK Y`∆ q " K Y`∆ .
Since the int-amplifed endomorphism on X descends to an int-amplified endomorphism Applying [MY19, Lemma 4 .9] to the pair pY, ∆q, we obtain the commutative diagram: Let X be a normal projective variety. Denote by π alg 1 pX reg q the algebraic fundamental group of the smooth locus X reg of X. Conjecture 1.1 for smooth rationally connected projective varieties admitting int-amplified endomorphisms has been solved in [MZ19b] and [MY19] . Indeed, the key point of the proof is the following, noting that a smooth rationally connected projective variety has trivial algebraic fundamental group. 
where A is an abelian variety, µ Y is finite surjective, and µ X is quasi-étale finite surjective.
Note that dimpAq " dimpY q ą 0. So r X admits anétale cover of arbitrary large degree. In particular, π alg 1 pX reg q is infinite, a contradiction.
In [MZ19b, Theorem 8.6], the relative dimensional one case has been ruled out in Case TIR. Based on this, we will deal with the relative dimensional two case.
We will show that Case TIR is equivalent to the following simpler Case TIR'.
Case TIR' n (Totally Invariant Ramification case). Let X be a normal projective variety of dimension n ě 1, which has only Q-factorial Kawamata log terminal (klt) singularities and admits an int-amplified endomorphism. Let f : X Ñ X be a surjective endomorphism. Moreover, we impose the following conditions.
(A1') The anti-Iitaka dimension κpX,´K X q " 0.
(A2') f˚D " δ f D for some reduced effective Weil divisor D " Q´KX .
(A4) There is an f -equivariant Fano contraction π : X Ñ Y with δ f ą δ f | Y (ě 1).
Lemma 6.4. Case TIR n is equivalent to Case TIR' n .
Proof. Assume that Case TIR' n holds. We first show A2 that D is irreducible. Let P and Q be two different irreducible components of D. If P is not π-ample, then P " π˚P Y for some P Y P N 1 pY qz0 by the cone theorem (cf. [KM98, Theorem 3.7]). Note that g˚P Y " δ f P Y . This is a contradiction with the assumption A4. So we may assume P and Q are π-ample. Then P´tQ is π-trivial for some rational number t ą 0 and the same argument showes that P´tQ " 0. Note that f˚pP´tQq " δ f pP´tQq and the Albanese Note that N 1 pXq{π˚N 1 pY q is 1-dimensional and f˚| N 1 pXq{π˚N 1 pY q " q id for some integer q ą 0. Then q " δ f is the only eigenvalue of f˚| N 1 pXq with modulus δ f and the q-eigenspace is 1-dimensional. On the other hand f˚H " δ f H for some nef divisor H by a version of the Perron-Frobenius theorem (cf. [Birk] Proposition 6.5. Let π : X Ñ Y be the Fano contraction of a K X -negative extremal ray R C on a Q-factorial klt projective variety X to an abelian variety Y with dimpXq " dimpY q`1. Let f : X Ñ X and g : Y Ñ Y be int-amplified endomorphisms such that π˝f " g˝π and δ f ą δ g . Then we have:
(1) R C is the only K X -negative extremal ray.
(2) The anti-Iitaka dimension κpX,´K X q ą 0, and f˚K X " δ f K X .
(3) There is an f -equivariant surjective morphism τ :
Proof. (1) Let R C 2 be a K X -negative extremal ray and π 2 : X Ñ X 2 the contraction of R C 2 . By [KM98, Theorem 3.7], we may take C 2 as a rational curve. Then πpC 2 q is a point in the abelian variety Y . Let F be a (connected) fiber of π 2 . Note that πpC 1 2 q is a point for any curve C 1 2 Ď F since C 1 2 P R C 2 . Hence, πpF q is a point. Then the rigidity lemma [Deb01, Lemma 1.15] implies that π factors through π 2 . Since π itself is a contraction of R C , R C 2 " R C and X 2 " Y . This proves (1).
(2) By a version of the Perron-Frobenius theorem in [Birk] , there exists a nef eigenvector D of f˚| N 1 pXq with eigenvalue δ f . Note that the eigenvalues of f˚| N 1 pXq consist of one δ f and eigenvalues of g˚| N 1 pY q (with modulus ă δ f ). So D is π-ample and extremal in PE 1 pXq by [MZ19b, Lemma 9.1].
Let a ą 0 be the rational number such that B :" aK X`D is π-trivial, i.e., B¨C " 0.
We claim that B is pseudo-effective. Suppose the contrary. For a small effective ample Q- there exits some pK X`A q-negative extremal ray R C 1 . Note that pK X`A q¨C " E¨C ą 0.
So R C 1 ‰ R C , contradicting (1). This proves the claim.
Since´K X is effective by [MZ19b, Theorem 1.5], the claim above and D " B`p´aK X q imply R D " R´K X in PE 1 pXq and hence B " 0 and D "´aK X . We assert that κpX,´K X q ą 0. Suppose the contrary. Then´K X " Q D 1 for some reduced Weil divisor D 1 such that f´1pD 1 q " D 1 and Supp R f " D 1 by [MZ19b, Theorem 1.5]. Note that f˚D 1 " f˚D{a " pδ f {aqD " δ f D 1 and δ f D 1´f˚D1 ě 0. Then f˚D 1 " δ f D 1 . In particular, Case TIR' (and hence Case TIR) is satisfied. However, this contradicts the condition A5 of Case TIR. So κpX,´K X q ą 0 as asserted. This also proves (2).
(3) By [MZ19b, Theorem 7.8], there exists an f -equivariant dominant rational map τ : X Z to a normal projective variety Z (with connected general fibers) such that dimpZq ą 0 and f | Z is δ f -polarized. Note that the indeterminacy locus of τ is an f´1invariant closed subset of codimension ě 2 in X. By [CMZ17, Lemma 7.5] and [Men17, Lemma 4.1], τ is then a morphism since dimpAq " dimpXq´1.
We claim that Z -P 1 . Let h :" f | Z . Write h˚H Z " δ f H Z for some very ample divisor
This is possible only when dimpZq " 1. Since H X " bD is π-ample, the general fiber F of π (which is a smooth rational curve) is not contracted by τ and hence dominates Z. So the claim and hence (3) are proved.
(4) Let P be an f´1-invariant prime divisor. By [CMZ17, Lemma 7.5] and [Men17, Lemma 4.1], P dominates Y . Then f˚P " δ f P and R P " R D in PE 1 pXq. Take H Z " z for some general point of Z and let X z be the fiber of τ . Note that X z¨P " w 0. So either X z X P " H or X z X P " P . In particular, this implies that τ pP q is a point. We claim that P " τ´1pτ pP qq. If the claim is false, then τ´1pτ pPis reducible; hence there exists some irreducible component Q ‰ P of τ´1pτ pPsuch that P X Q ‰ H, since τ has connected fibers. Note that τ pP q is h´1-periodic by [CMZ17, Lemma 7.5]. So Q and hence P X Q are f´1-periodic. By [CMZ17, Lemma 7.5], πpP X Qq is g´1-periodic and hence equal to Y by [Men17, Lemma 4.1], contradicting that dimpP X Qq ă dimpY q. So the claim is true. In particular, P is semi-ample and (4) is proved. Theorem 6.6. Suppose that X has only terminal singularities in Case TIR. Then dimpXq ě dimpY q`3 ě 4.
Proof. The proof consists of Claims 6.7 to 6.18. We prove by contrapositive, so suppose the contrary that dimpXq " dimpY q`2. Let I : X Ñ X be an int-amplified endomorphism such that π : X Ñ Y is I-equivariant.
Since X has terminal singularities, SingpXq has dimension ď dimpXq´3 ă dimpY q, so it does not dominate Y . By [Fak03, Theorem 5.1], there is a Zariski dense subset Y 0 of Y such that the fiber X y " π´1pyq is smooth and I-periodic for any y P Y 0 . Note that for each y P Y 0 , X y is I s -invariant for some s ą 0; and I s | XzD is quasi-étale. Shrinking Y 0 a bit, we may assume that I s | Xy isétale outside D X X y by the purity of branch loci.
Let y P Y 0 be a general point. Denote by m :" the number of irreducible components (curves) of D X X y .
Since π is a Fano contraction, X y is a smooth Fano surface and I s | Xy is polarized. By [MZ19, Corollary 1.4], pX y , D X X y q is then a toric pair. Moreover, by the classification of smooth toric Fano surfaces, the boundary D X X y is a simple normal crossing loop of m smooth rational curves ℓ i with m ě 3. Note that ℓ i and ℓ i X ℓ j are pI s | Xy q´1periodic. Since I s | XyzDXXy isétale, any pI s | Xy q´1-periodic point x lies in D X X y by noting that I s | Xy is ramified at x. Since each ℓ i -P 1 has (exactly) two pI s | Xy q´1periodic points which are the intersecting points with some other two ℓ j and ℓ k , x further lies in SingpD X X y q by the same argument on I sm! | ℓ i . In particular, SingpD X X y q is exactly the set of pI s | Xy q´1-periodic points in X y . Note that 7 SingpD X X y q " m ě 3.
Claim 6.7. Let Z be the union of irreducible components of dimension dimpXq´2 in SingpDq. Then h´1pZq " Z for any surjective endomorphism h of X.
Let ν : D Ñ D Ď X be the normalization of D and c the conductor of D, regarded as a Weil divisor on D. Since X is smooth in codimension 2, the adjunction formula gives
where ν˚pK X`D q is regarded as the pullback of a divisorial sheaf. There is an endomorphism h : D Ñ D such that ν˝h " h˝ν and its ramification divisor R h is h˚c´c. In 6.8. Some notation. By Theorem 6.2, we have the commutative diagrams:
where r X is a Q-Gorenstein klt normal projective variety, A is an abelian variety, µ Y is a finite surjective morphism, and µ X is a finite surjective quasi-étale morphism. Note that I| Y , I A , r I are still int-amplified; see [Men17, Section 3] . Note that r X still has terminal singularities by [KM98, Proposition 5.20 ]. Then r X is Q-factorial by Proposition 6.22. Claim 6.9. deg π| Z " m ě 3.
By the generic smoothness, X y X Z " X y X SingpDq " SingpD X X y q for general y P Y 0 .
Then 7Z X X y " m ě 3 for general y P Y 0 . So the claim is proved.
Claim 6.10. π| C : C Ñ Y is a finite surjective morphism for any I´1-periodic irreducible closed subvariety C of codimension 2 in X.
Since π has connected fibers, πpCq is I|´1 Y -periodic by [ Claim 6.11. Z is the union of I´1-periodic irreducible closed subvarieties of codimension 2 in X.
First note that Z is I´1-invariant by Claim 6.7. Let C be an I´1-periodic irreducible closed subvariety of codimension 2 in X. For any y P Y 0 , X y is I s -invariant for some s ą 0.
Then C X X y is pI s | Xy q´1-invariant. Recall that Z X X y is exactly the set of pI s | Xy q´1periodic points. By Claim 6.10, π C is finite surjective and hence C X X y Ď Z X X y . Then Claim 6.13. r Z :" µ´1 X pZq is the union of r I´1-periodic irreducible closed subvarieties of codimension 2 in r X.
Let y P Y 0 be a general point such that µ X is quasi-étale over X y . Since X y is a smooth toric Fano surface, X y has no non-isomorphic quasi-étale cover. Then r X y :" µ´1 X pX y q is a disjoint union of smooth toric Fano surfaces mapping isomorphically to X y via µ X . Assume X y is I s -invariant for some s ą 0. Then µ´1 X pZ X X y q is exactly the set of p r I s | r Xy q´1-periodic points in r X y . So the claim follows from the same proof of Claim 6.11. Claim 6.14. By choosing µ Y and µ X suitably in Theorem 6.2, we may assume further deg r π| r C " 1 for any r I´1-periodic irreducible closed subvariety r C of codimension 2 in r X.
Let r C be an irreducible component of r Z. As reasoned in Claim 6.10, r π| r C : r C Ñ
A is finite surjective. Let r C be the normalization of r C. Note that r C admits an intamplified endomorphism. By the ramification divisor formula and [Men17, Theorem 1.5], the induced finite surjective morphism r C Ñ A is quasi-étale and henceétale. Then r C is an abelian variety by [Mum74, Section 18, Theorem] . If deg r π| r C ą 1, then we replace r X by r XˆA r C and A by r C. Note that r f is also liftable after some iteration. We show that such replacements can be done in only finitely many steps. After each replacement, deg r π| r Z remains unchanged, while the number of irreducible components of r Z strictly increases. This is because the natural embedding r C ãÑ r CˆA r C and deg r π| r C ą 1 imply that the preimage of r C in r XˆA r C splits into at least two irreducible components. Finally, Claim 6.13 implies that after each replacement, r Z is still the union of r I´1-periodic irreducible closed subvariety r C of codimension 2 in r X. In particular, r Z has at most (fixed) deg r π| r Z irreducible components. So we can only do at most finitely many replacements till the claim is satisfied.
In the following, we choose the r X in Claim 6.14. Denote by r D :" µ´1 X pDq. Since µ X : r X Ñ X is quasi-étale, we have K r X " µXK X " Q´µX D "´r D. Since D is nef, so is r D. By [Uen, Theorem 5.13], κp r X, r Dq " κpX, Dq " 0. Note that K r X is not pseudoeffective. By [MZ19a, Theorem 1.2], replacing r f and r I by a positive power, there is an p r f , r Iq-equivariant birational MMP ϕ : r X r X r and a Fano contraction r π r : r X r Ñ r Y . Denote by r f r :" r f | r Xr , r g :" r f | r Y and r I r :" r I| r Xr . Since A is an abelian variety, this MMP is over A; see the first paragraph of the proof of Proposition 6.5. Claim 6.15. ϕ : r X r X r is a composition of divisorial contractions; and r X r has Q-factorial terminal singularities.
Note that K r X " µXK X . Recall that r X has only Q-factorial terminal singularities (cf. 6.8). Since the MMP is over A, whenever a flipping contraction occurs, one can Claim 6.17. pr π r : r X r Ñ r Y , r f r , r gq satisfies Case TIR with dimp r X r q " dimp r Y q`2 and r Y " A.
If δ r fr ą δ r g , then Case TIR' and hence Case TIR are satisfied, so r Y " A by the condition (A5) of Case TIR and since r π : r X Ñ A has connected fibers. Suppose next that δ r fr " δ r g . If dimp r Y q " dimpAq, then r Y " A and hence δ f " δ r g " δ g A ă δ f , a contradiction. We are only left with the case where δ r fr " δ r g ą δ g A and dimp r Y q " dimpAq`1. Denote by τ : r Y Ñ A the induced morphism. Note that r Y is Q-factorial and klt. Since Singp r Y q does not dominate A and the general fiber of r π : r X Ñ A is a rational surface, the general fiber of τ is a smooth rational curve. By the adjunction, the restriction of K r Y on the general fiber of τ is anti-ample. Hence K r Y is not pseudo-effective. Then we may run MMP starting from r Y which ends up with A. Since dimp r Y q " dimpAq`1 and τ has connected fibers, any appearance of divisorial contraction or flip will create some proper p r I| A q´1-periodic closed subvariety in A by [CMZ17, Lemma 7.5]. So τ has to be a Fano contraction by [Men17, Lemma 4.1]. Note that D r Y :" pr π r˝ϕ qp r Zq is an p r I| r Y q´1-periodic divisor in r Y since r π| r Z : r Z Ñ A is finite surjective. By Proposition 6.5, κp r Y , D r Y q ą 0. Note that r π´1 r pD r Y q is r I´1 r -periodic. So r π´1 r pD r Y q Ď r D r and hence κp r X r , r D r q ą 0, a contradiction to Claim 6.16. The claim is proved. Claim 6.18. degpr π r | r Cr : r C r Ñ r Y " Aq " 1 for any r I´1 r -periodic irreducible closed subvariety r C r of codimension 2 in r X r .
By Claim 6.14, it suffices for us to show that r C r is dominated by some r I´1-periodic irreducible closed subvariety of codimension 2 in r X. Note that r C r Ď r D r " ϕp r Dq by Claim 6.16. If dimpϕ´1p r C r" dimpAq, then we are done. If dimpϕ´1p r C r" dimpAq`1, then
Recall that E is an irreducible component of r D " µ´1 X pDq. So µ X | E : E Ñ D is finite surjective and there is at least one r I´1-periodic irreducible closed subvariety r C Ď pµ X | E q´1pZq of codimension 2 in r X dominating A. Note that ϕpEq " ϕp r Cq " r C r . So the claim is proved.
Completion of the proof of Theorem 6.6. By Claim 6.17, we may apply Claims 6.7 and 6.9 to r X r . Then there are at least three r I´1 r -periodic irreducible closed subvarieties of codimension 2 in r X r by Claim 6.18. So we get a contradiction by applying Claim 6.12 to r X r again. This completes the proof of Theorem 6.6. Corollary 6.19. Let X be a normal projective variety over K such that X K has only Q-factorial Kawamata log terminal (klt) singularities and admits an int-amplified endomorphism. Then Conjecture 1.4 holds for any surjective endomorphism on X in the following cases:
(1) The group π alg 1 ppX K q reg q is finite (e.g. when X is smooth and rationally connected). (2) X K has only terminal singularities and dimpXq " 3.
Proof. It follows from Theorems 6.1, 6.3 and 6.6. Note that for (2), if X K has terminal singularities, then the birational MMP involves only with the terminal singularities (cf. [KM98, Corollary 3.43]).
In the rest of this section, we show the Q-factorial property of r X (Proposition 6.22) used in the proof of Theorem 6.6 (i.e., in 6.8). A local ring pR, mq is Q-factorial if for any prime ideal p of height one, p " a pf q for some f P p.
Lemma 6.20. Let π : X Ñ Y be a finite surjective morphism of normal varieties. Let
x P X be a closed point and y " πpxq. Suppose the (completion) local ringÔ X,x is Q-factorial. Then so isÔ Y,y .
Proof. Set A :"Ô Y,y and B :"Ô X,x . Let ϕ : A Ñ B be the induced local homomorphism, which is a injective finite morphism (cf. [AM69, Proposition 10.13]). We may regard A as a subring of B. Let p be any prime ideal of height 1 on A. Take a prime ideal q in B of height 1 such that p " q X A. Since B is Q-factorial, we can take β P q such that q " ? βB. Take any α P p. Now α P q " ? βB. So α k " cβ for some k ą 0 and c P B. Taking norm, we have α kr " NpcqNpβq where r " dim QpAq QpBq. Note that NpBq Ď A since ϕ is finite. Hence we have p Ď a pNpβqqA. Conversely, Npβq P p since Npβq P q X A " p. So we have p " a NpβqA.
Lemma 6.21. Let X be a normal variety. Then we have the following:
(1) Let x P X be a closed point. IfÔ X,x is Q-factorial, then so is O X,x .
(2) If O X,x is Q-factorial for any closed point x P X, then X is Q-factorial.
(1) Let S " Spec O X,x andŜ " SpecÔ X,x . Let π :Ŝ Ñ S be the completion morphism which is faithfully flat. Since S is normal, so isŜ. Take a prime divisor D on S. Since π is flat, π˚O S pDq is a reflexive sheaf of rank 1 onŜ. So π˚O S pDq " OŜpDq for some Weil divisorD onŜ. IfÔ X,x is Q-factorial, then nD is Cartier for some n ą 0.
Then π˚O S pnDq -π˚ppO S pDq bn q __ q -pπ˚O S pDq bn q __ -OŜpnDq is invertible. By the fpqc descent along π, O S pnDq is invertible. In this section, we study the set Z f for endomorphisms f on a fibration which fixes fibers set-theoretically, i.e. a family of endomorphisms. First we formulate a relative version of the sAND Conjecture.
Let X, S be quasi-projective varieties over K and π : X Ñ S a projective morphism.
Let f : X Ñ X be a surjective morphism over S. Take any immersion X ÝÑ P into a projective variety P , any ample divisor H on P , and height h H ě 1 associated with H.
For any point x P XpKq, setting X πpxq :" π´1pπpxqq, we define
which is well-defined in this relative setting, since the arithmetic degree is well-defined and independent of the choice of ample height on any projective scheme over a number field. We define Z f and Z f pdq in the same way as in Definition 1.3.
Conjecture 7.1 (Relative sAND Conjecture). Let X, S be quasi-projective varieties over K and π : X Ñ S a projective morphism. Let f : X Ñ X be a surjective morphism with π˝f " π. Then the set Z f pdq is not Zariski dense in X K for any constant d ą 0.
Remark 7.2. Suppose π has geometrically irreducible fibers. Then the dynamical degree of f K : X K ÝÑ X K is equal to the dynamical degree of f | Xs : X s ÝÑ X s for general s P SpKq, by the product formula involving the relative dynamical degree (cf. [Tru15] ).
Remark 7.3. If X is projective, then Conjecture 7.1 is a special case of Conjecture 1.4.
First we consider projective bundles over projective bases.
Theorem 7.4 (cf. [Ame03] ). Let f be a surjective endomorphism on a projective bundle P Y pEq π Ñ Y over a projective variety with π˝f " π. Then Z f pdq is not Zariski dense for any d ą 0.
Proof. We may assume that m :" δ f ą 1. Replacing f by a power if necessary, we may further assume that m ą r`1. Take a Zariski open cover Y " Ť λ U λ with local trivializations ψ λ : π´1pU λ q Ñ U λˆP r and set f λ " ψ λ˝f˝ψ´1 λ : U λˆP r Ñ U λˆP r .
Using local trivializations, we obtain a morphism Φ : Y Ñ R m pP r , P r q{ PGLpr`1q defined by Φpyq " f y , where R m pP r , P r q is the space of endomorphisms giben by degree m polynomials on P r and PGLpr`1q acts on R m pP r , P r q by conjugation. By Amerik [Ame03, Proposition 1.1], R m pP r , P r q{ PGLpr`1q is affine if m ą r`1. So Φ is a constant map since Y is projective.
Let t P R m pP r , P r q be an element whose class in R m pP r , P r q{ PGLpr`1q is the image of Φ. Set f λ,y " f λ | tyuˆP r P R m pP r , P r q. Then there exists h λ : U λ Ñ PGLpr`1q such that
Then G λµ induces g λµ : U λµ Ñ PGLpr`1q which satisfies f λ,y " g λµ pyq¨f µ,y for any y P U λµ . Therefore we have ph´1 λ pyq˝g λµ pyq˝h µ pyqq¨t " t for any y P U λµ . Setg λµ " h´1 λ˝g λµ˝hµ andf λ,y " h´1 λ pyq¨f λ,y p" tq. LetG λµ : U λµˆP r Ñ U λµˆP r and H λ : U λˆP r Ñ U λˆP r be morphisms corresponding tog λµ , h λ , respectively.
This commutative diagram shows that ph λ q λ defines an isomorphism h :X Ñ X, wherẽ X is the projective bundle glued by pG λµ q λ,µ . Now we havẽ
So pf λ q λ defines a surjective endomorphismf :X ÑX. Note that Zf pdq is not Zariski dense for any d ą 0 since pf q y is invariant when y moves on local trivializations. Moreover, h˝f " f˝h by definition off . So the assertion follows from Lemma 2.6.
The next result gives the structure of the small arithmetic degree set Z f in the case of abelian fibrations, and is the key in proving Theorem 1.13.
Theorem 7.5. Let π : X Ñ Y be an abelian fibration, that is, a projective surjective morphism of quasi-projective normal varieties such that π˚O X " O Y and its generic fiber X η is an abelian variety. Let f : X Ñ X be a surjective endomorphism with δ f ą 1 and π˝f " π. Then, after enlarging the ground field by a finite extension and taking base change along a finite cover of Y , there is a Zariski open dense subset V Ă Y such that X V " π´1pV q ÝÑ V has an abelian scheme structure compatible with the abelian variety structure of the generic fibre X η , and there are a non-trivial V -group homomorphism β : X V Ñ X V and a section M Ă X V of X V Ñ V such that, for any d ą 0, we have:
Here TorpX V pdqq is the set of rational points in Xpdq which are torsion points of the fibers over V and Mpdq`β´1pTorpX V pd" ta`b | πpaq " πpbq, a P Mpdq, b P β´1pTorpX V pdqqqu.
Consider first the case when the endomorphism induces an isogeny on the generic fiber.
Lemma 7.6. Let π : X Ñ Y be an abelian fibration and f : X Ñ X a surjective endomorphism such that δ f ą 1, π˝f " π, and the induced endomorphism f η : X η Ñ X η on the generic fiber of π is an isogeny. Then, after enlarging the ground field by a finite extension and taking base change along a finite cover of Y , there are a Zariski open dense subset V Ă Y over which X V " π´1pV q ÝÑ V has an abelian scheme structure restricting to the abelian variety structure of the generic fibre X η and a non-trivial Vgroup homomorphism β : X V Ñ X V such that, for any d ą 0, we have:
Proof. Let X η be the geometric generic fiber, and f η the induced endomorphism. Then, by a calculation of intersection numbers, we have δ f η " δ f " δ fy where y is a general closed point of Y . Denote this number as δ.
We can find nef R-divisors D ı 0 on X η such that fη D " R δD (cf. [San17, Remark 5.11]). Fix an ample divisor H on X. By Lemma 2.10, there exists some α P EndpX η q R such that Φ H η D " i H η pαq˝α and i H η pαq " α. Note that α is not zero since D ı 0. Take a sufficiently large finite extension F of kpηq so that D and α descend to an R-Cartier divisor D F on X F and α F P EndpX F q R respectively. Moreover, we can take F so that fF D F " R δD F , Φ H F D F " i H F pα F q˝α F , and i H F pα F q " α F . (For the definition of Φ H F D F , see Lemma 2.11 and Remark 2.13). Represent α F as follows:
where β i,F P EndpX F q and c i P R are linearly independent over Q.
Replacing Y with its normalization in F and X with the base change, we may assume F " kpηq. (Here we also extend the ground field so that Y is geometrically irreducible.) Moreover, by shrinking Y , we may assume π : X ÝÑ Y has an abelian scheme structure compatible with the one on the generic fiber. Further, one can find:
‚ an R-Cartier divisor D on X which restricts to D F ; and Fix some d ą 0. Since , Hy is positive definite on X y pdqb Z R, for x P X y pdq, we have
Since c i are linearly independent over Q, the last equality implies β i,y pxq " 0 in X y pdq b Z Q for all i.
There is at least one β :" β i which is a non-zero Y -group endomorphism of the abelian scheme X ÝÑ Y . Then we have Z f pdq Ď β´1pTorpXpdqqq.
Proof of Theorem 7.5. First we apply Lemma 5.2 and Remark 5.3 to the endomorphism f η : X η Ñ X η on the geometric generic fiber of π. Then, enlarging the ground field by a finite extension and Y with a Zariski open dense subset of its finite cover, we may assume:
endomorphism of the abelian scheme π 1 : X 1 Ñ Y ; and ‚ δ f 2 " 1.
By Lemma 7.6, after enlarging the ground field by a finite extension and replacing Y with a Zariski open dense subset of its finite cover again, there exists a non-trivial Y -group homomorphism β 1 : X 1 Ñ X 1 such that Z g 1 pdq Ď β´1 1 pTorpX 1 pdqqq.
Then we have Z f 1 pdq Ď M 1 pdq`β´1 1 pTorpX 1 pdqqq, where M 1 Ă X 1 is the image of p 1 .
Take a general point y P Y pdq. Then Z fy pdq Ď`p 1 pyq`β´1 1 pTorppX 1 q y pdqqq˘ˆpX 2 q y pdq.
Extend p 1 , β 1 to p : Y Ñ X, β : X Ñ X by ppyq " pp 1 pyq, 0q, βpxq " pβ 1 pxq, 0q. Let M Ă X be the image of p. Then we have Z f pdq Ď Mpdq`β´1pTorpXpdqqq.
We remark that the uniform boundedness conjecture 1.11 is proved for elliptic curves. 
As corollaries, Conjecture 7.1 for elliptic fibrations and trivial abelian fibrations follow.
Theorem 7.8. Let f be a surjective endomorphism on an elliptic fibration X π Ñ Y over a quasi-projective variety with π˝f " π. Then Z f pdq is not Zariski dense in X K for any d ą 0.
Theorem 7.9. Let f be a surjective endomorphism on a trivial abelian fibration X " AˆY π Ñ Y over a quasi-projective variety with π˝f " π. Then Z f pdq is not Zariski dense in X K for any d ą 0.
Next, we consider endomorphisms on projective varieties of non-negative Kodaira dimension. The monoid SEndpXq of surjective endomorphisms of a variety of general type is a finite set, so Conjecture 1.4 holds for them. For a smooth projective variety X with κpXq " dimpXq´1, we can prove Conjecture 1.4 as an application of Theorem 7.8.
Theorem 7.10. Let X be a smooth projective variety with κpXq " dimpXq´1 and f : X Ñ X a surjective endomorphism. Then Z f pdq is not Zariski dense in X K for any d ą 0.
Proof. By [NZ09, Theorem A], there is an automorphism g of finite order on the base W of an Iitaka fibration φ : X W , such that φ˝f " g˝φ. Replacing f by a positive power, we may assume that g " id and hence φ˝f " φ. By Lemma 2.9, we may replace X with the normalization Γ of the graph of φ and f with its lifting to Γ. Thus we may assume that φ is an elliptic fibration. Then apply Theorem 7.8.
For a non-invertible endomorphism on a threefold X with κpXq ě 0, we can show the following weak version of non-density thanks to the classification results by Fujimoto and Nakayama ([Fuj02] , [FN07] ).
Theorem 7.11. Let X be a smooth projective threefold with Kodaira dimension κpXq ě 0 and f : X Ñ X a non-invertible surjective endomorphism. Then Z f pLq " tx P XpLq | α f pxq ă δ f u is not Zariski dense in X K for any finite extension field (K Ě) L Ě K.
Proof. The proof is in steps.
Step 1. By [Fuj02] , we can run an f -equivariant MMP X " X 0 Ñ X 1 Ñ¨¨¨Ñ X r " Y such that each step is a blowdown of a smooth surface to an elliptic curve (so each X i is smooth) and K Y is nef and hence semi-ample by the known abundance for threefolds. By Lemma 2.6 and replacing X by Y , we may assume that K X is semi-ample. Take the Iitaka fibration φ : X Ñ C. By [NZ09, Theorem A], replacing f by a positive power, we may assume that φ˝f " φ. Let F be a general fiber of φ. Then K F " Q 0.
If κpXq " 3, then f is an automorphism of finite order, contradicting the assumption.
The case κpXq " 2 is a special case of Theorem 7.10.
Assume κpXq " 0. We use the Beauville-Bogomolov decomposition theorem over K ([BGRS17, Proposition 3.1]). Then there is a finiteétale cover φ :X Ñ X whereX is either an abelian threefold or the product of an elliptic curve and a K3 surface, and f lifts to an endomorphismf onX (cf. [LS18, Section 4]). Moreover, ifX is the product of an elliptic curve and a K3 surface, thenf splits. So the assertion follows from Lemma 2.6, Lemma 2.4, and Theorem 5.6.
From now on, we assume κpXq " 1. A general fiber F has a non-invertible (necessarilý etale) endomorphism f | F , so it is either an abelian or a hyperelliptic surface, by surface theory or [Fuj02, Theorem 3.2].
Step 2. Assume that F is a hyperelliptic surface. By Fujimoto [Fuj02, Theorem 5.10], φ decomposes as φ : X π Ñ T q Ñ C where T is a normal projective surface, π is an elliptic fibration, and q is a P 1 -fibration. Moreover, f descends to a morphism g : T Ñ T . Take a Zariski open dense subset U Ă C such that φ U " φ| X U : X U " φ´1pUq Ñ U is smooth.
Then we can take the relative Albanese morphism a : X U Ñ A U over U (cf. [FAG05, Proposition 9.5.20]). Let h U : A U Ñ A U be the morphism induced from f . Setting T U " q´1pUq, the natural morphism θ : X U Ñ T UˆU A U is induced. Taking the fibers at a general point c P U, we can see that θ c : X c Ñ T cˆAc is a finite surjective morphism because of the hyperelliptic surface structure of X c . So θ is a finite surjective morphism.
Consider the endomorphism g UˆU h U on T UˆU A U . Since f | C " id and by the product formula in [Tru15] , the dynamical degree of g (resp. h U , g UˆU h U ) is equal to the dynamical degree of the restriction g c (resp. h c , g cˆhc ) of g (resp. h U , g UˆU h U ) to the fiber at a general point c P U. Further, taking a general point c P U, we have δ g UˆU h U " δ gcˆhc " maxtδ gc , δ hc u " maxtδ g , δ h U u. Now δ f " δ g UˆU h U since θ is finite surjective. Therefore δ f " maxtδ g , δ h U u.
Note that Z g pdq and Z h U pdq are not Zariski dense (Theorem 4.4 and Theorem 7.8). If δ f " δ g , then Z f pdq Ă π´1pZ g pdqq is not Zariski dense. Similarly if δ f " δ h U , then by applying Lemma 2.6 fiberwise, we get Z f pdq Ď φ´1pCzUq Y a´1pZ h U pdqq and again Z f pdq is not Zariski dense.
Step 3. Assume that F is an abelian surface. If F is a simple abelian surface or φ is primitive, then φ is a Seifert abelian fibration in the sense of [ where γ is a finite Galois cover,T ,X are the normalizations of TˆCC, XˆCC, respectively, andT is isomorphic to EˆC for some elliptic curve E. Let ρ :X Ñ E be the composition ofπ :X ÑT with the projectionT -EˆC Ñ E. By [FN07, Theorem 5.10], there is a finiteétale cover ν : E 1 Ñ E such thatX 1 "XˆE E 1 is isomorphic to E 1ˆS for some projective surface S and f on X lifts to endomorphismf 1 : E 1ˆS Ñ E 1ˆS which splits asf 1 " φ 1ˆv where φ 1 is an automorphism on S and v is an endomorphism on E. Then Zf 1 pdq is not Zariski dense by Theorem 3.1 and Theorem 4.1. NowX 1 is an equivariantétale cover of X, so the theorem follows from Lemma 2.6.
Finally, we show Theorem 1.10, the equivalence of the uniform boundedness conjecture and the relative sAND conjecture for a family of polarized endomorphisms.
Proof of Theorem 1.10. "(2) ñ (1)" We can take a quasi-projective variety U with a morphism φ : P N U Ñ P N U over U which parametrizes all the endomorphisms on P N of degree d. So the implication is clear.
"(1) ñ (3)" Let η P S be the generic point. Now f η : X η Ñ X η is a polarized endomorphism. So X η can be embedded into a projective space over f η -equivariantly (cf. [Fak03, Proposition 2.1]). After shrinking S, we may assume that X is a closed subvariety of P N S and f extends to a surjective endomorphism φ : P N S Ñ P N S over S. By assumption, Z φ pdq is contained in the closed subset W " tx P P N S | f m pxq " f n pxqu for some m ą n ě 0. Since f " φ| X is of infinite order, X Ę W . Hence Z f pdq " Z φ pdq X X Ď W X X, a proper closed subset of X. So Z f pdq is not Zariski dense in X K .
"(3) ñ (2)" We argue by induction on dimpXq. By assumption, W " Z f pdq is a proper f -invariant closed subset of X. Take the irreducible decomposition W " W 1 Ÿ¨¨Y W p Y W 1 1 Y¨¨¨Y W 1 q such that W 1 , . . . , W p are f -periodic and W 1 j maps to Ť p i"1 W i by iteration of f for 1 ď j ď q. Then Z f pdq Ď f´kp Ť p i"1 W i q for some k ě 0. Take a sufficiently large m ą 0 such that W i is f m -invariant for 1 ď i ď p. Set g i " f m | W i . We may assume that dimpW i q " dimpπpW ifor 1 ď i ď r and dimpW i q ą dimpπpW ifor r`1 ď i ď p. Fix i with 1 ď i ď r. Then g i is an automorphism of finite order on W i since g i induces an endomorphism on a general fiber of π| W i which is a finite set. Take some M ą 0 such that g M i " id W i for each i. If there is a curve C Ď W i contracted by π, then 0 ă pC¨Hq " pC¨pg M i q˚Hq " r mM pC¨Hq, which is a contradiction. So π| W i is finite for 1 ď i ď r. By induction hypothesis, the number of the points in Z g j pdq X X s is uniformly bounded for r`1 ď j ď p. Moreover the number of the points of W i pdq X X s is also uniformly bounded for 1 ď i ď r. So the assertion (2) follows.
Now we have

